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1 Introduction 

The purpose of this paper is to study convergence of Monge- Ampere measures 
associated to sequences of plurisubharmonic functions defined on a hyperconvex 
subdomain £1 of C n . 

This paper is an updated version of the preprint [CO]. 

The concept of convergence in capacity was introduced in [X], where it 
was proved that for any uniformly bounded sequence (pj of plurisubharmonic 
functions that converges in C"-capacity we have that (dd c ipj) n converges weak* 
to (dd c (p) n ,j -> +oo. 

We generalize this result: 

Theorem 1.1. Assume T 3 uq < Uj 6 T and that Uj converges to u in C n - 
capacity. Then (dd c Uj) n converges weak* to (dd c u) n ,j — > +oo. 

We first recall some definitions. See [CI] and [C2] for details. 
The class T consists of all plurisubharmonic functions ip on such that 
there is a sequence ifj G £q, ipj \<p,j — » +oo and sup J {dd c (fj) n < +oo, where 

j n 

£q is the class of bounded plurisubharmonic functions ip such that lim ip( z ) — 

0,VC G dtt and f(dd c ip) n < +oo. 
n 

The following definition was introduced in [X] : A sequence ifj G T converges 
to <p in C ra -capacity if 

cap({z e k : \<p - ipj\ > 5}) — * 0, j — > +oo V k cc Q, V 5 > 0. 

For uj CC 0, cap(w) = j(dd c h* L0 ) n where /i* is the smallest upper semicontinuous 

Q 

majorant of 

hu(z) = sup{ip{z);ip G Eo;(p\ u < -1}. 
Finally, we write Uj ~* u, j — > +oo if Uj converges weak* to u,j — > +oo. 
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2 Proofs 

Lemma 2.1. Suppose fi is a positive measure on ft which vanishes on all 
pluripolar sets and < +00. If uq,uj g T, uq < Uj u, j —> +00 

and if f uod/j, > — 00, then lim J Ujdji — j ud/i. 

Proof. Denote by dV the Lebesgue measure and choose Uj <E So DC (ft), Uj > Uj 
such that j (uj — Uj)(dfi + dV) < 4. Then u ~~> u, lim J Ujdfi — J Ujd^, = 

fi 3 j^+oo 

so it is enough to prove that 



lim / Ujd/i = / udfi. 



Thus we can assume Uj G^H C(r2). 

By Theorem 6.3 in [CI] there is a ip E £ , f £ L 1 ({dd c ^) n ) with 

/j, = f(dd c ip) n 

so by lemma 5:2 in [CI], for every p < +00, 

lim / Ujd[i p = / udfip 
j->+°o J J 

there n P = mm(f,p)(dd c tp) n . 
Now 

lim / Ujd[i = lim / Ujdfi p + 

+ J j—>+oo J 

+ lim [ Uj (f-mm(f,p))(dd c iP) n > 
> j udfj, p + J u (f - mm(f,p))dfj, 
ud[i, p — ► +00 

by monotone convergence. On the other hand, by Fatous lemma, 

lim sup / Ujd/i < / ud/i 
J J 

which gives the desired conclusion. □ 

Proof. Proof of the theorem. 
We prove that 

lim / h{dd c u 3 ) n = j h(dd c u) n , VheS , 
J J 

which is enough by Lemma 3:1 in [CI]. 



2 



Suppose u>i, u>2, ■ ■ ■ , w„-i £ h E £q. It follows from the assumption that 

Uj ^ u, j — > +00 so lim J" wi * <i<i c itj Add c U2 A • • • Add c h — J toidd c u A • • • Add c h 

j 

by the lemma. 

Suppose now that 

lim J u 1 (dd c u j ) p A dd c uj p+1 A • • • A dd c ft = j uj l {dd c u) p A • • • A d(f h. 

for 1 < q < p < n — 2. We claim 

lim J uo 1 (dd c u ) p+1 A dd c uj p+2 A • • • A dd c ui n ^ 1 A (id c /i = 

= J uj 1 (dd c u) p+l A dd c uJ p+ 2 A • • • A dd c w n -i A dd c h. 

Given e > choose fc CC Cl such that {2 £ < — e} C fc and then a 

subsequence Uj t such that 



and denote by 



P / 00 \ n 

/jjv = max I h {zek;\u-u ]t |>e}> - 1 ) • 



*t=JV 

Then /jjv — > 0, iV — > +00 outside a pluripolar set and 



y wi(ddXJ p+1 A • • • A dd c fr - y cj 1 (dd c u lk ) p dd c u A • • • A dd c h = 
= y (w^ - u)( y dd c u Jk ) P A dd c o>i A • • • A dd c h = 

=y-M^-)(^) p A^A...A^ + 

+ J(l + h N )(u Jk - u)(dd c u Jk ) P A cfcfwi A • • • A dd c (h - h E )+ 

+ /(i + MK - A ^ A ■ - A <i«« . / fc + //„ + 

where h e = max(/i, — e). 
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Thus 



\Ij„ \ <lj {-h N ){-u ){dd c u 0k y A---Add c h< 

</|-* + «K,- B ,]( i f, J /A...,« + 

+ R j -h N (dd c u Jk ) P A • • • A dd c h 

-> J [ - it + max(ii n , -J?)] (dd c u) p A • • • A c?(i c /i+ 

+ (-/i7v)(dd c u) p A • • • A dd c /i, j k -> +00. 

Now, the first term on the right hand side is small if R is large, the second is 
small if N is even larger. 

\IHj k I < J -u * {dd c u 3k f A dd c u x A • • • A dd c h e < 

J -h e (dd c u a ) p+1 A dd c uj x A • • • A dd c w n _i < 
e J(dd c u a )' p+1 A d(f Wi • • • A dd c uj n ^ 1 * 



< 



< 



so it remains to estimate 



\II jk < 2e^y {dd c u 3k y A dd c wi • • • A dd c (fe + fc e )^ < 
< 4e / (dd c w ) p A dd c wi • • • A dd c h. 



which proves the claim. 

Using the claim and repeating the chain of inequalities above, we conclude 
that 

J h(dd c u 0k **) n - j h(dd c u) n = 
j (u jk * * -u)(dd c u jkSf *) n ~ 1 A h+ 

u(dd c Uj k **) n ~ 1 Ah — / u(dd c u) n ^ 1 A h ->• 0,j k * -^+00. 



This proves the theorem, since we have proved that every subsequence of 
Uj* contains a subsequence Uj t ** such that (dd c Uj t **) n converges weak* to 
(dd c u) n ,t +00. 

□ 
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